Introduction {#Sec1}
============

In this paper, we refer to digraphs in the classical sense as *static digraphs*. A *temporal digraph* is a digraph that exists and changes in a time interval $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}$$\end{document}$. That is, given a static digraph *G*, a temporal digraph $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {G}$$\end{document}$ with *base static digraph* *G* and lifetime $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {T}$$\end{document}$ changes as follows: at each *time stamp* $\documentclass[12pt]{minimal}
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                \begin{document}$$t \in \mathcal {T}$$\end{document}$, only a subdigraph of *G* is *active*, and edges might have a delay, leaving a vertex at some time stamp but arriving only later. If a vertex $\documentclass[12pt]{minimal}
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                \begin{document}$$v \in V(G)$$\end{document}$ is active at every $\documentclass[12pt]{minimal}
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                \begin{document}$$t \in \mathcal {T}$$\end{document}$, we say that *v* is *permanent*.

In this paper we deal with *disjoint spanning branchings* in temporal digraphs, which are well-understood structures in digraphs. Given a digraph *G*, and a subset $\documentclass[12pt]{minimal}
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                \begin{document}$$R\subseteq V(G)$$\end{document}$, we say that $\documentclass[12pt]{minimal}
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                \begin{document}$$H\subseteq G$$\end{document}$ is a *spanning branching* of *G* with root *R* if $\documentclass[12pt]{minimal}
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                \begin{document}$$V(H) = V(G)$$\end{document}$, and *H* contains exactly one path between some $\documentclass[12pt]{minimal}
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                \begin{document}$$r\in R$$\end{document}$ and *u*, for each $\documentclass[12pt]{minimal}
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                \begin{document}$$u\in V(G)$$\end{document}$. Given subsets $\documentclass[12pt]{minimal}
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                \begin{document}$$R_1,\cdots ,R_k$$\end{document}$, a classical result by Edmonds \[[@CR9]\] gives a necessary and sufficient condition for the existence of *k* edge-disjoint branchings with roots $\documentclass[12pt]{minimal}
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                \begin{document}$$R_1,\cdots ,R_k$$\end{document}$, respectively. His result also gives a polynomial algorithm that constructs these branchings.

When translating concepts to temporal graphs, it is often the case that theorems coming from graph theory, in the classical sense, can hold or not depending on the adopted definition. Indeed, in \[[@CR14]\] the authors give an example where Edmonds' result on branchings does not hold on the temporal context. However, as we will see later, their concept is just one of many possible definitions, and in fact there is even one case where polynomiality holds.

Another example of such behavior is the validity of Menger's Theorem. It has been shown that the edge version of Menger's Theorem holds \[[@CR3]\], even if one considers weights on the edges \[[@CR2]\]. However, the vertex version of Menger's Theorem holds or not, depending on how one interprets what a cut should be. If a cut is understood as a subset of *V*(*G*), then Menger's Theorem does not hold \[[@CR3], [@CR14]\]; and if it is understood as a subset of the appearances of vertices in time (alternatively, a cut can be seen as deactivating vertices at some time stamps), then Menger's Theorem holds \[[@CR18]\].

*Our Contribution.* Given a temporal digraph $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$ with base digraph *G*, and subsets of *vertices in time* $\documentclass[12pt]{minimal}
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                \begin{document}$$R_1,\cdots ,R_k$$\end{document}$, i.e. sets of pairs (*u*, *t*) where *u* is a vertex of *G* and *t* a time stamp, here we investigate the many variations of finding (pairwise) disjoint spanning branchings with roots $\documentclass[12pt]{minimal}
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                \begin{document}$$R_1,\cdots ,R_k$$\end{document}$. Spanning can mean that one wants to pass by at least one appearance of each $\documentclass[12pt]{minimal}
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                \begin{document}$$u\in V(G)$$\end{document}$ (called *vertex spanning*), or by all appearances of each $\documentclass[12pt]{minimal}
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                \begin{document}$$u\in V(G)$$\end{document}$ (called *temporal spanning*). Similarly, edge-disjoint can have different interpretations, as it can refer to edges of *G* or to the appearances of these edges in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$. We say that two branchings are *edge-disjoint* if they do not share any edge of *G*, and that they are *temporal-edge-disjoint* (or *t-edge-disjoint* for short) if they do not share any appearance of an edge of *G* in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$. We found that the only case in which this problem is polynomial (as its static counterpart) is when we want *t*-edge-disjoint temporal-spanning branchings. We also found that if vertices are permanent (this is the more popular case where vertices are always active), the problem is polynomial for temporal-spanning branchings and $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-complete otherwise. Our results are summarized in Table [1](#Tab1){ref-type="table"} and detailed in the following main theorem. A digraph *G* is a *in-star* if there exists $\documentclass[12pt]{minimal}
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                \begin{document}$$u\in V(G)$$\end{document}$ such that all the edges in *G* are incoming edges to *u*.

Theorem 1 {#FPar1}
---------
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                \begin{document}$$\mathcal{G}$$\end{document}$ be a temporal digraph with base digraph *G*, and consider subsets of vertices in time, $\documentclass[12pt]{minimal}
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                \begin{document}$$R_1,\cdots ,R_k$$\end{document}$. The problem of finding *k* branchings rooted at $\documentclass[12pt]{minimal}
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                \begin{document}$$R_1,\cdots ,R_k$$\end{document}$ is: Polynomial for t-edge-disjoint temporal-spanning,$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-complete for edge-disjoint temporal-spanning even if *G* is a in-star, and each snapshot has constant size, or if $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$ has lifetime 3. And if vertices are permanent or $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$ has lifetime 2, then edge-disjoint temporal-spanning becomes polynomial.$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {NP}$$\end{document}$-complete for edge-disjoint vertex-spanning even if *G* is a DAG, the lifetime of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$ is 2, and vertices are permanent.$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-complete for t-edge-disjoint vertex-spanning even if *G* is a DAG, the lifetime of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$ is 2, and vertices are permanent.

As said before, Edmonds' condition is the characterization behind the polynomial algorithm for finding *k* edge disjoint spanning branchings in digraphs. Because of our $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-completeness results, it is worth remarking that, unless $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$, any such characterization for the $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-complete cases in temporal digraphs should be checkable in superpolynomial time, unlike the one provided by Edmonds.

Finally, our reductions further imply that, in the case of edge-disjoint temporal-spanning, even if the base digraph *G* is a in-star, the problem cannot be solved by an algorithm running in time $\documentclass[12pt]{minimal}
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                \begin{document}$$O^*(2^{o({{\,\mathrm{\mathcal {T}}\,}})})$$\end{document}$ unless ETH fails, where $\documentclass[12pt]{minimal}
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                \begin{document}$${{\,\mathrm{\mathcal {T}}\,}}$$\end{document}$ is the lifetime of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$. Moreover, in the vertex-spanning variations, the problem also cannot be solved in $\documentclass[12pt]{minimal}
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                \begin{document}$$O^*(2^{o(n+m)})$$\end{document}$ under the same assumption, where *n* and *m* are respectively the number of nodes and edges of the base digraph of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$.Table 1.Our results. Vertices are permanent if they are always active.[not permanent vertices]{.smallcaps}[permanent vertices]{.smallcaps}[edge-disjoint]{.smallcaps}[t-edge-disjoint]{.smallcaps}[edge-disjoint]{.smallcaps}[t-edge-disjoint]{.smallcaps}[temporal-spanning]{.smallcaps}Poly$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-cPolyPoly[vertex-spanning]{.smallcaps}$\documentclass[12pt]{minimal}
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*Related Work:* While it is easy to imagine a variety of graph problems that can profit from considering changes in time, it is hard to pin-point when the study of temporal graphs and similar structures began. Nevertheless, in the last decade or so, it has attracted a lot of attention from the community, with a considerable number of papers being published in the field (we refer the reader to the surveys \[[@CR15], [@CR19]\]). We mention that temporal graphs (or other very similar structures) appear in the literature under a number of names, such as dynamic networks \[[@CR4]\], time-varying graphs \[[@CR8]\], evolving networks \[[@CR5]\], and link streams \[[@CR15]\]. Also, many works consider a temporal graph $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal{G}$$\end{document}$ as having vertices that are always active, and edges have the same starting and ending time \[[@CR2], [@CR6], [@CR14], [@CR18], [@CR20]\]. While models where edges that have a delay are more common \[[@CR8], [@CR25]\], models where nodes can be inactive have already been considered in \[[@CR8], [@CR15]\].

A path in temporal graphs is generally understood as a sequence of edges respecting time, i.e. the arrival time in each vertex of the path must be lower than the departing time of the next edge taken. In this context, a number of metrics can be related to a path, such as earliest arrival time, latest departure time, minimum number of temporal edges, and minimum traveling time \[[@CR25]\]. When vertices can be inactive, we have to further ensure that, when waiting for the next edge on a certain vertex, it must remain active in the waiting period \[[@CR8]\]. In this scenario, the definitions of reachability and connectivity change accordingly, and it is natural to ask how well-known structures and results from graph theory in the classical sense change taking into account the temporal constraint.

Temporal definitions of trees \[[@CR6], [@CR15]\] and (minimum) spanning trees \[[@CR13]\], which are related to our definition of branching, have been proposed and investigated, and usually consist of ensuring that the root-to-node path in the tree is a valid temporal path. Analogously, temporal cuts from a vertex *s* to *t* aim to break any temporal path from *s* to *t* and can be related to extending the max-flow min-cut Theorem to temporal graphs \[[@CR2]\]. And as we have already mentioned, different conclusions have been made about a temporal version of Menger's Theorem depending on the adopted translation in terms of temporal graphs \[[@CR3], [@CR14], [@CR18]\].

Edmonds' Theorem on disjoint branchings is a classical theorem in graph theory, with many distinct existing proofs (e.g. Lovász \[[@CR16]\], Tarjan \[[@CR24]\], and Fulkerson and Harding \[[@CR12]\]), and has many interesting consequences on digraph theory (e.g., one can derive Menger's Theorem from it, characterize arc-connectivity \[[@CR22]\], characterize branching cover \[[@CR11]\], ensure integer decomposition of the polytope of branchings of size *k* \[[@CR17]\], etc). As far as we know, the only other time that Edmonds' Theorem has been investigated on the temporal context has been in \[[@CR14]\], where the authors give an example where the theorem does not hold. The definition used by them falls into our category of edge-disjoint vertex-spanning branchings, which we prove to be $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-complete even under very strict constraints.

*Structure of the Paper.* The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we formalize the definitions of spanning branchings and disjointness, also showing that having multiple roots in each of the *k* branchings is computationally equivalent to having a single root for all of the *k* branchings. In Sect. [3](#Sec3){ref-type="sec"}, we present the results about temporal-spanning branchings. In Sect. [4](#Sec6){ref-type="sec"} we present our results concerning vertex-spanning branchings. Finally, in Sect. [5](#Sec7){ref-type="sec"}, we draw our conclusions and make some final remarks. The proofs of the results marked with '($\documentclass[12pt]{minimal}
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                \begin{document}$$\star $$\end{document}$)' can be found online in \[[@CR7]\].

The Temporal Disjoint Branchings Problems {#Sec2}
=========================================

This section is devoted to formally define the several concepts of temporal graphs and disjoint branchings we introduce in this paper. A temporal digraph $\documentclass[12pt]{minimal}
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                \begin{document}$$(G, \gamma , \lambda )$$\end{document}$ where *G* is a digraph and $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ are functions on *V*(*G*) and *E*(*G*), respectively, that tell us when the vertices and the edges appear. More formally, for each $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma (v)\subseteq \mathbb {N}$$\end{document}$, and for each edge $\documentclass[12pt]{minimal}
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                \begin{document}$$e\in E(G)$$\end{document}$ we have $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda (e)\subseteq \mathbb {N}\times \mathbb {N}$$\end{document}$. Also, if $\documentclass[12pt]{minimal}
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                \begin{document}$$t'\in \gamma (v)$$\end{document}$. Here, we consider only finite temporal digraphs, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$${{\,\mathrm{\mathcal {T}}\,}}=\max \bigcup _{v\in V(G)}\gamma (v)$$\end{document}$ is defined and is called the *lifetime of*$\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal G$$\end{document}$. In what follows, unless said otherwise, we work on general digraphs, i.e., directions, loops and multiple edges are allowed.
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Problem 1 (k X-disjoint Y-spanning Branching) {#FPar2}
---------------------------------------------
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We introduce the following restriction of Problem [1](#FPar2){ref-type="sec"}, which corresponds to finding branchings that have a single root (also called out-arborescence).

Problem 2 (k Single Source X-disjoint Y-spanning Branching) {#FPar3}
-----------------------------------------------------------
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Lemma 1 {#FPar4}
-------

Problem [1](#FPar2){ref-type="sec"} is computationally equivalent to Problem [2](#FPar3){ref-type="sec"}.

Proof {#FPar5}
-----
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Temporal-Spanning Branchings {#Sec3}
============================

This section is devoted to study Problem [1](#FPar2){ref-type="sec"} in the case where *Y* is temporal, i.e. we aim to find *k* *X*-disjoint temporal-spanning branchings, with $\documentclass[12pt]{minimal}
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T-Edge-Disjoint Temporal-Spanning Branchings {#Sec4}
--------------------------------------------
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### Lemma 2 {#FPar8}
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Edge-Disjoint Temporal-Spanning Branchings {#Sec5}
------------------------------------------
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### Proof {#FPar11}
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The next result concludes the proof of Item [2](#Par9){ref-type=""} of Theorem [1](#FPar1){ref-type="sec"}.

### Theorem 3 {#FPar12}
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Proof {#FPar16}
-----

The second part follows easily since the reduction is linear. We prove the theorem for $\documentclass[12pt]{minimal}
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Conclusions and Open Problems {#Sec7}
=============================

In this paper we have investigated the temporal version of Edmonds' classical result about the problem of finding *k* edge-disjoint spanning branchings rooted at given $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {NP}$$\end{document}$-complete results for fixed lifetime, and for when *G* is a in-star. A good question then might be whether there exists a polynomial algorithm for fixed lifetime and treewidth (a in-star has treewidth 1). Another interesting question is whether the problem remains hard for fixed lifetime when the base digraph is a DAG. Also, as we have provided computational lower bounds under ETH in Theorem [3](#FPar12){ref-type="sec"} and in Theorem [5](#FPar15){ref-type="sec"}, we wonder whether there exist algorithms matching these lower bounds.

Here, a function is seen as a set of ordered pairs, and the containment relation is the usual one for sets.
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